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Abstract—LLC resonant converter is one of the most suitable
circuit topologies that have been introduced for designing con-
stant output voltage switched-mode power supplies. In this pa-
per, a design procedure is introduced for using this converter as a
wide output range voltage source. Unlike constant output voltage
applications which need small converter inductance ratio and nar-
row switching frequency variations, for wide output range applica-
tions, large values of these parameters are needed simultaneously
and should be optimized. Instead of minimizing the components
stresses, leading to a great value of the inductance ratio, proper
choice of the converter parameters resulting in a smaller induc-
tance ratio has been done. Maximum value of the capacitor in par-
allel with the power MOSFETs drain-sources has been derived to
realize the zero voltage switching operation in the converter induc-
tive region. Soft switching is achieved for all power devices under all
operating conditions. A prototype of the converter has been tested
for different regulated output voltages (35–165 Vdc ) under differ-
ent loads (0–3 Adc ) and input voltages (320–370 Vdc ) for using an
ion implanter arc power supply, with maximum efficiency value of
94.7%. Experimental results confirm the high performance of the
wide output range LLC resonant converter even under the worst
case conditions.

Index Terms—LLC resonant converter, switched-mode power
supply (SMPS), wide output range, zero current switching (ZCS),
zero voltage switching (ZVS).

NOMENCLATURE

a, n Converter inductance ratio and trans-
former turns ratio.

Iin N and Iin max N Normalized ac input current and its max-
imum value.

Iout and Iout max Output dc current and its maximum value.
IDSM 1 and ID MOSFET drain-source and diode cur-

rents.
kz Converter’s input impedance ratio.
Vin , Vin min , DC input voltage and its maximum and

minimum values.and Vin max
Vin N , Vin min N , Normalized dc input voltage and its max-

imum and minimum values.and Vin max N
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Vout , Vout min , DC output voltage and its maximum and
minimum values.and Vout max

Vout N , Vout min N , Normalized dc output voltage and its max-
imum and minimum values.and Vout max N

VoutFL and VoutNL DC output voltage under the maximum
output current and no-load conditions.

VCr
, Vrout Resonant capacitor voltage and output

ripple.
VCr max , VCr max N Resonant capacitor maximum voltage and

its normalized value.
VDSM and VCAD Power MOSFET drain-source and power

diode cathode–anode voltages.
VARR Output voltage adjustable range ratio.
Pout and Pout max Output power and its maximum value.
Q and Qmax L Quality factor and its value for maximum

output current and voltage.
fr , fs , fs min , Resonant frequency, switching frequency,

and its minimum and maximum values (in
hertz).

and fs max

fn , fn min , Normalized switching frequency and its
minimum and maximum values (dimen-
sionless), respectively.

and fn max

Zin , Zin 0 , Zin∞, Input impedance, its values at short-circuit
and no-load conditions, and its normal-
ized value.

and Zin N

IDpeak and I1 Output rectifier stage peak current and
the converter resonant input current first
harmonic.

Pcon. and Pcon. max Conduction loss and its maximum value.
Pcon.N Normalized conduction loss and its max-

imum value.and Pcon. max N

ΔT and λ Converter dead time and the rectifier stage
conduction angle.

ψ1 Phase shift of the converter resonant input
current first harmonic as compared to the
power MOSFETs drain-sources square-
wave voltage.

RL , Lr , Lm , Cr , Output load resistance, resonant in-
ductance, magnetizing inductance, reso-
nant capacitance, and output capacitance,
respectively.

and Cout

ESRCo u t Output capacitor’s equivalent series resis-
tance.

Cp Effective capacitance appeared in parallel
with the power MOSFETs drain-sources.

0885-8993/$31.00 © 2012 IEEE



3750 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 27, NO. 8, AUGUST 2012

I. INTRODUCTION

THE LLC resonant converter has been widely used as a dc–
dc converter, being one of the most suitable circuit topolo-

gies for designing constant output voltage switched-mode power
supplies (SMPSs). This converter has been analyzed in [1]–[8].
Also, it has been used for designing a dc–dc converter with
integrated magnetic approach [9]. The LLC resonant converter
as a constant output voltage source with synchronous or diode
rectifications as its output stage has been analyzed by many
authors [10]–[13]. Soft-switched phase-shift full-bridge dc/dc
converter has been used widely to design constant output volt-
age SMPSs [1], [14], [15]. But, phase-shift converters are not
suitable for wide output voltage applications [14].

As mentioned earlier, many authors have analyzed the LLC
resonant converter for constant output voltage applications. But
there is a significant difference between constant Vout , variable
Iout , and adjustable Vout , variable Iout resonant converters. The
latter is more general than the first. In earlier works, this con-
verter has been used for designing wide output range SMPSs and
it has been shown that by using frequency control, this converter
can handle a wide-range of regulated output voltage even when
input voltage and load have large variations [16]–[18]. To at-
tain this purpose, zero voltage switching (ZVS) operation even
under the worst case conditions is one of the most important
subjects that must be realized for reducing electromagnetic in-
terference (EMI) and improving the efficiency and performance
of the converter. Output stage diodes of this converter are always
turned ON and OFF with zero current switching (ZCS) which
reduces the switching losses. In MOSFET-based primary-side
LLC resonant converter, the ZVS operation causes lower dis-
sipation than ZCS, because the switching losses of the reverse
recovery process are eliminated [19].

Wide output voltage range is achievable from this topology
since it has a variable voltage gain during a wide frequency
variation. Stray inductances and parasitic capacitances of its
components can be merged in the main elements. Moreover,
without employing external components, soft switching can be
achieved in the whole output voltage and load variation ranges,
which makes it suitable for high switching frequencies. Con-
sidering these particular specifications illustrates that the LLC
resonant topology is suitable for wide dynamic load and wide
output voltage applications with a good light-load specifica-
tion in its inductive region [17]. Until now, there has been no
straightforward design procedure for optimizing the LLC reso-
nant converter for these applications. A design procedure that
can be derived based on the aforementioned conventional anal-
yses has not included the output voltage variations. Thus, it can
only be used for the constant output voltage applications, as can
be concluded from [19]. Also, the given approaches in [16]–[18]
need more investigation in order to be implemented, practically.
According to the [19], the first-harmonic approximation (FHA)
approach can only be used for analyzing the resonant converters
near the resonant frequency. But here it is proved that this sim-
ple approach can be used for analyzing the wide output range
voltage source LLC resonant converter even under the worst
case conditions.

In this paper, designing a wide output range LLC resonant
converter based on the FHA approach is investigated and a de-
sign procedure is introduced for optimizing this resonant con-
verter for wide output voltage range and wide dynamic load
applications. Unlike the pulsewidth modulation converters’ soft-
switching techniques [20], [21], we used auxiliary circuits to
reduce the switching losses and EMI; in the proposed resonant
converter, not only such circuits are not used, but also all of
the parasitic elements are merged in the converter’s main com-
ponents. Therefore, its price, size, and weight are reduced as
well.

LLC resonant-converter-normalized dc output voltage and its
input impedance are derived based on the FHA approach in
Sections II and III. Maximum and minimum values of the
output voltage are calculated based on the FHA approach in
Section IV. By accounting the higher order harmonics, minimum
output voltage is calculated in Section V. Then, the converter
output voltage adjustable range is derived in Section VI. Power
MOSFET peak current, conduction losses, and maximum volt-
age of the resonant capacitor are calculated in Sections VII and
VIII, respectively. Improving the converter performance under
the light-load conditions is discussed in Section IX. The design
procedure is introduced in Section X. Experimental results and
conclusions are presented in Sections XI and XII, respectively.
The effect of the power factor correction (PFC) converter’s out-
put voltage ripple on the LLC resonant converter’s frequency
variation range is discussed in Appendix I. The normalized
output voltage and the resonant capacitor maximum voltage
are calculated in Appendices II and III. The converter’s input
impedance ratio is defined in Appendix IV. Finally, the effects
of the higher order harmonics are calculated in Appendix V.

II. LLC RESONANT-CONVERTER-NORMALIZED

DC OUTPUT VOLTAGE

LLC resonant converter can be used for wide output range
SMPSs for supplying output loads which change between full
load and no load [16]. This converter and its ac equivalent circuit,
based on the FHA approach, have been depicted in Fig. 1.

As we know from [22], the LLC resonant converter in con-
stant output voltage applications has a flat voltage gain curve
above the resonant frequency and the FHA approach is not ac-
curate enough without the correction of higher harmonics. This
is due to the presence of the higher order harmonics with high
magnitudes. In the wide output range LLC resonant converter,
the voltage gain has a selective characteristic as compared to
the other applications. This subject reduces the higher order
harmonics magnitudes effectively, and increases the accuracy
of FHA approach. In Appendix IV, it has been proved that the
FHA approach can be applied to the wide output range LLC
resonant converter.

The FHA approach is based on the assumption that the power
conversion from the source to the load through the resonant tank
is associated with the fundamental harmonics of the currents
and voltages involved. The other harmonics of the switching
frequency are ignored [19]. In this equivalent circuit, Ro is
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Fig. 1. LLC resonant converter. (a) Circuit topology. (b) AC equivalent circuit
based on the FHA approach.

derived as follows [5], [16]–[19], [23]:

Ro =
8
π2

V 2
out

Pout
=

8
π2

Vout

Iout
=

8
π2 RL. (1)

We would like to normalize the parameters to make them
easier in description and in practice. The normalized dc input
and output voltages are defined as follows:

Vin N = Vin/Vin norm , Vout N = Vout/Vin norm (2)

where

Vin norm = (Vin min + Vin max)/2. (3)

Using the FHA approach and considering (1), (2), and Fig. 1,
the normalized dc-output voltage is obtained [17]

Vout N (a, Q, fn ) =
Vin N

2n
√

(Qfn (1 − f−2
n ))2 + (1 + a − af−2

n )2

(4)
where

a =
Lr

Lm

, fn =
fs

fr

, Q =
π2Iout

8n2Vout

√
Lr

Cr

, fr =
1

2π
√

Lr Cr

.

(5)
Equation (4) depends on Q, but this parameter is also a func-

tion of Vout (5). By inserting (5) into (4), the elliptical output
characteristic of the LLC resonant converter is obtained, as de-
rived in Appendix I (1A). The general form of the elliptical out-
put characteristic of the resonant converters can be found in [14].
Using (4), the LLC converter-normalized dc-output voltage ver-
sus normalized switching frequency, for different values of Q
and input and output voltages, has been plotted in Fig. 2 [17]. In
this figure, the A-B interval illustrates the frequency variation
range to regulate the maximum output voltage value.

In Fig. 2, the converter operates under the no-load conditions
on curve (a) and the input voltage is maximum. On curve (b),
minimum value of the input voltage has been applied to the
converter. On this curve, the output current at point A is equal
to the maximum desired value. The C-D interval illustrates the
frequency variation range to regulate the minimum output volt-
age when input voltage or load changes in wide ranges. Thus,

Fig. 2. Typical LLC resonant converter normalized dc output voltage versus
fn under different conditions. (a) Vin N = 1.057, Q = 9 × 10−3 . (b) Vin N =
0.914, Q = 0.539. (c) Vin N = 0.914, Q = 2.54 [17].

Fig. 3. PFC converter output voltage under two different conditions: (a) no
load and (b) full load.

Fig. 2 intends to express that normalized frequency variations
of Δfn1 = fn1 − fn min and Δfn2 = fn max − fn2 are required
for compensating the input voltage and output load changes to
regulate the output voltage at its maximum and minimum val-
ues, respectively. The converter input voltage is generated by
a PFC stage, in practice. Therefore, the resonant converter in-
put voltage is modulated by twice the line frequency, and its
minimum value depends on the output voltage and current. To
deliver the maximum output current to the output load, this min-
imum value only depends on the output voltage. The converted
power under the minimum output voltage and maximum output
current condition [point C on curve (c)] is lower than the maxi-
mum output power that occurs at maximum output voltage and
maximum output current [point A on curve (b)]. In other words,
Vout minIout max < Vout maxIout max . Thus, when the resonant
converter operates at point C, the resonant converter input volt-
age (PFC output voltage) does not approach to its minimum
value which occurs at point A. This subject leads to a frequency
variation smaller than Δfn2 , in practice.

As mentioned earlier, the presence of the second harmonic
in the PFC converter output voltage and wide output load and
input voltage changes leads to different input voltages for curves
(b) and (c) in Fig. 2. In this figure, for simplifying the discus-
sion, these input voltages have been considered to be equal in
both previously mentioned cases. To identify the worst case of
frequency variations for regulating each output voltage value,
PFC converter output voltage under the no-load and full-load
conditions has been plotted in Fig. 3. Boundary conditions of
the LLC resonant converter input voltage have been shown in
Fig. 3. To identify the frequency variation range for regulating
each output voltage value, we note that the ripple in the output
voltage of the PFC converter is proportional to the output power,
but its frequency is twice the line frequency. So, the PFC stage
output voltage is not fixed at a certain output power.
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Fig. 4. Vout N variations when output load changes between full-load and
no-load conditions. (a) Versus fn and a. (b) Versusfn , a = 1.5.

From Appendix I, (5A) and (6A) include frequency variations
to regulate the output voltage in a wide range while input voltage
(320–370 Vdc) and output load (0–3 Adc) change, as plotted in
Fig. 4.

III. CALCULATING THE LLC RESONANT CONVERTER

INPUT IMPEDANCE

From (5) and Fig. 1(b), normalized input impedance of the
equivalent circuit can be defined and expressed as follows:

Zin N =
Zin (a,Q, jfn )
√

Lr/Cr

=
χ

Q (1 + χ)

+ j

√
χ

Q

[
a

(
1 − 1

f 2
n

)
+

1
1 + χ

]
(6)

where

χ = (Qfn/a)2 . (7)

Equation (6) can be plotted versus output voltage, by consider-
ing (5A) and inserting (5) into (6) and (7), as shown in Fig. 5.
Using larger values of a, to achieve wider output adjustable
ranges, reduces the normalized input impedance. From (6), for
the normalized input impedance value under the full-load con-
dition, we can properly choose

√
Lr/Cr to reduce the converter

maximum input current. From Fig. 5, it is concluded that the

Fig. 5. Normalized magnitude of the input impedance versus normalized out-
put voltage and a under the maximum output current and no-load conditions.

circulating currents are reduced for low output voltage values
which also reduce the conduction losses.

IV. CALCULATING MAXIMUM AND MINIMUM VALUES OF THE

OUTPUT VOLTAGE BASED ON THE FHA APPROACH

For the given values of a and Q, the normalized output voltage
is maximized when the imaginary part of the input impedance,
i.e., Im [Zin ], is zero. This can be concluded, easily, by con-
sidering Fig. 2. From this figure, the converter operates in the
inductive region at frequencies above the frequency where the
output voltage has peak value. On the other hand, at frequencies
below the output voltage peak value, the converter operates in
the capacitive region. Thus, somewhere between these areas,
Im [Zin ] must be zero.

As in Appendix II, from (12A), the normalized maximum
output voltage under the full-load condition is obtained as fol-
lows:

Vout max N =
√

1 + a2Q−2
max Lf−2

n min
Vin min N

2n
. (8)

According to (8), maximum output voltage must be achiev-
able even when minimum input voltage is applied to the con-
verter. The LLC resonant converter available input voltage
range, for achieving maximum output voltage, is determined
by its peak voltage gain. Thus, the resonant network should be
designed so that the gain curve has enough peak value to cover
the input voltage range. As we know from [19], the ZVS op-
eration is lost below the peak gain point in the LLC resonant
converter capacitive region. Therefore, some margin is required
for determining the maximum gain to guarantee stable ZVS op-
eration during the transient conditions. Typically, 10–20% of
the maximum gain is required as a margin for practical design.
On the other hand, under the light- or no-load conditions Q ≈ 0,
minimum output voltage must be achievable even when maxi-
mum input voltage is applied to the converter. Considering (4),
this value can be expressed in the normalized form

Vout min N =
Vin max N

2n (1 + a − af−2
n max)

. (9)
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Fig. 6. LLC resonant converter simplified circuit under the no-load condition.

V. CALCULATING MINIMUM VALUE OF THE OUTPUT VOLTAGE

BY ACCOUNTING THE HIGHER ORDER HARMONICS

As we know from [19], the FHA approach is valid and accu-
rate enough at the region close to the resonant frequency. But
for wide output range applications, FHA should not be applied
directly without verification. Otherwise, it may be lead to signif-
icant errors. For wide range applications, A, B, and C operation
points in Fig. 2 are close to the resonant frequency, practically.
Thus, using the FHA approach in these points is acceptable. But
according to Fig. 2, point D is far from the resonant frequency
as compared to the other operating points. To calculate the in-
duced error due to the FHA approach at this quiescent point, the
converter can be simplified under the maximum input voltage,
minimum output voltage, and no-load conditions. Under these
conditions, the rectifying stage can be ignored. So, the switch
network (M1 and M2) drives a linear time invariant (LTI) reso-
nant tank network, as illustrated in Fig. 6. Therefore, dc output
voltage of the converter is equal to the peak value of vo (t).
By accounting the output-voltage higher order harmonics, more
accurate calculations can be derived. Ignoring the dead-time
intervals for simplicity, this switch network generates a sym-
metrical square-wave output voltage which can be expressed in
the normalized form in the Fourier series as follows:

vsN (t) =
Vin max N

2
+

∑

m=1,3,5,...

2Vin max N

mπ
sin (mωst) .

(10)

The dead-time value is usually chosen much smaller than
the minimum switching period. In other words, ΔT 〈〈Ts min is
always satisfied, practically. So, it can be concluded intuitively
that ignoring this time interval does not introduce significant
error in the derived expressions. From Fig. 6, under the no-load
condition, the voltage gain of the converter is derived as follows:

h (jωs) =
Vo

Vi
=

jωsLm /n

jωs (Lr + Lm ) − j/(ωsCr )
=

n−1 (1 + a)−1

1 − f ′−2
n

.

(11)
Here

f ′
n =
√

a

1 + a
fn . (12)

Considering the superposition law in the aforementioned LTI
circuit, the minimum value of the output voltage is obtained

voN (t) =
∑

m=1,3,...

2Vin max N

mπ
|h (jmωs max)|

× sin (mωs maxt − ψm ) . (13)

Fig. 7. Typical waveforms of (a) voN (t), (b) first component of the nor-
malized output voltage, and (c) Vout m in N (n = 2.33, Vin m ax N = 1.057,
a = 1.51, fr = 126 kHz, fn m ax = 2.5, and m = 1, 2, 3, ..., 17).

Here, |h (jmωs max)| and ψm are the magnitude and phase of
h (jmωs), respectively

|h (jmωs max)| = |h (j2πmfrfn max)|

=
1

n (1 + a)
m2

m2 − f ′−2
n max

(14)

ψm = � h (jmωs max) =
{

0 f ′
n max ≥ 1/m

π f ′
n max < 1/m.

(15)

If f ′
n max ≥ 1, then from (13), (14), and (15), the normalized

output voltage of the converter is obtained

voN (t) =
∑

m=1,3,5,...

2Vin max N

n (1 + a) π

m

m2 − f ′−2
n max

sin (mωs maxt).

(16)
This normalized voltage has been plotted in Fig. 7. In

Appendix V, equations for f ′
n max < 1 have also been de-

rived. The minimum value of the normalized dc output voltage
Vout min N is equal to the amplitude of voN (t). Considering (16)
and Fig. 7, we can calculate Vout min N as follows:

Vout min N =
2Vin max N

nπ (1 + a)

∞∑

m=1

(2m − 1) (−1)m−1

(2m − 1)2 − f ′−2
n max

. (17)

This value has been shown in Fig. 7.
Two derived expressions [i.e., (9) and (17)] have been plotted

in Fig. 8. In this figure, higher order harmonics up to 33 have
been accounted to clarify that the FHA approach does not in-
troduce significant error even under the worst case condition, at
point D, which is far from the resonant frequency as compared
to the other operating conditions.

A typical voltage transfer function of the LLC resonant con-
verter under the different load conditions has been plotted in
Fig. 9. As illustrated in this figure, the converter’s voltage trans-
fer function has become more selective by increasing the load
current as compared to its no-load transfer function. Thus, under
each output load condition, higher order harmonics (3fs , 5fs ,
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Fig. 8. Minimum value of the normalized dc output voltage under the no-load
condition versus fn m ax and Lr /Lm (n = 2.33, Vin m ax N = 1.057).

Fig. 9. Typical voltage gain of the LLC resonant converter versus normalized
switching frequency at different loads (a = 0.2, proper for constant output).

7fs. . .) are reduced more than their values under the no-load
condition, as shown in Fig. 9. So, it can be concluded that for
each output voltage value, the introduced dominant error due to
the FHA approach occurs under the no-load condition.

On the other hand, Figs. 7 and 8 show that this error can be
ignored in wide output range applications of the LLC resonant
converter even under the no-load condition due to its selective
transfer function. Thus, using the FHA approach for analyzing
this converter does not introduce significant error. Comparing
the no load curves in Figs. 2 and 9 shows the differences of the
no-load transfer functions of the LLC resonant converter in its
constant (a = 0.2) and wide output range (a = 1.44) applications.

VI. OUTPUT VOLTAGE ADJUSTABLE RANGE

According to Figs. 7 and 8, using the FHA approach for
simplifying the analysis is well advised. This will be confirmed
by the experimental results. Thus, FHA as a simple approach
can be used to calculate the minimum dc output voltage, as well.
From (8) and (9), adjustable range ratio of the output voltage
can be defined and expressed as follows:

VARR =
Vout max N

Vout min N
= k
(
1 + a − af−2

n max
)

×
√

1 + a2Q−2
max Lf−2

n min . (18)

Fig. 10. VARR versus kf and Lr /Lm (k = 0.86, fn m ax = 2.5).

Fig. 11. Typical LLC resonant converter waveforms, power MOSFET drain–
source voltage, resonant capacitor voltage, and resonant inductor current.

Here, k = Vin min/Vin max . Considering (10A) and (18),
VARR can be simplified as

VARR = k
1 + a − af−2

n max√
1 + a − af−2

n min

. (19)

We define the frequency variation range ratio as follows:

kf =
fn max

fn min
. (20)

Thus, (19) can be rewritten as

VARR = k
1 + a − af−2

n max√
1 + a − ak2

f f−2
n max

. (21)

VARR has been plotted versus Lr/Lm and kf in Fig. 10. As illus-
trated in this figure, unlike the constant output voltage applica-
tions of this converter (which need small values of Lr/Lm and
narrow switching frequency variations), here, large values of
these parameters are needed simultaneously, and they should be
optimized by the designer.

VII. POWER MOSFET PEAK CURRENT AND CONDUCTION

LOSSES UNDER THE FULL-LOAD CONDITION

According to the FHA approach a sine-wave current can be
used instead of the power MOSFET current iDSM 2 during its
conduction state [19]. Key waveforms of the LLC converter
have been plotted in Fig. 11 for calculating the conduction losses
of the power MOSFETs and peak value of the voltage of the
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resonant capacitor. From Figs. 1 and 11, we can write

iDSM 2 (t) = I1 sin (ωt − ψ1) , M1 : off, M2 : on. (22)

Amplitude of the first harmonic of the square-wave output
voltage of a half-bridge resonant converter is equal to 2Vin/π
[19]. From Fig. 1, (5), and (6), I1 and ψ1 are given as follows:

I1 =
2
π

√
Cr

Lr

Vin

Zin N (a,Q, fn )
(23)

ψ1 = arctan
[(

a (1 + χ)
(
1 − f−2

n

)
+ 1
)/√

χ
]
. (24)

To simplify calculations of the power MOSFET conduction
losses Pcon.M 2 , we consider resistor rDS instead of this device
and its antiparallel diode in their on-state So, we can write

Pcon.M 2 =
1
Ts

∫ Ts /2

0
rDSi2DSM 2

(t)dt ≈ 1
4
rDSI2

1 . (25)

From (23) and (25), the normalized power MOSFET peak
current and conduction losses are defined and calculated

Iin N =
I1

Vin norm

√
Lr

Cr
=

2
π

Vin N

Zin N (a,Q, fn )
(26)

Pcon.N =
PconM 2

rDSV 2
in normLr/Cr

=
1
π2

V 2
in N

Z2
in N (a,Q, fn )

. (27)

These parameters are increased monotonously, by increasing
the output voltage at full-load conditions. Thus, maximum val-
ues of these parameters occurred at Vout max N , fn min , Vin min N ,
and Qmax L . Substituting (7A) into (6), the normalized input
impedance can be expressed as follows:

Zin N =
1

Qmax L

χ

1 + χ
=

Qmax Lf 2
n min

a2 + Q2
max Lf 2

n min
. (28)

Inserting (28) into (26) and (27), the power MOSFET nor-
malized peak current and conduction losses are derived

Iin max N =
2
π

a2 + Q2
max Lf 2

n min

Qmax Lf 2
n min

Vin min N (29)

Pcon. max N =
1
π2

(
a2 + Q2

max Lf 2
n min

)2

Q2
max Lf 4

n min
V 2

in min N . (30)

VIII. MAXIMUM VOLTAGE OF THE RESONANT CAPACITOR

As mentioned earlier, maximum values of the power
MOSFET peak current and conduction losses occur at
Vout max N , fn min , Vin min N , and Qmax L . Also, maximum volt-
age of the resonant capacitor occurs under these operating con-
ditions. As shown in Appendix III, the resonant capacitor max-
imum voltage in the normalized form is derived. From (15A),
lower values offn min cause higher stresses on the resonant ca-
pacitor. Fig. 12 shows VCr max N versus a and Qmax L . From this
figure, for each value of a there is a value of Qmax L which mini-
mizes the resonant capacitor voltage. ∂VCr max N /∂Qmax L = 0
leads to

Qmax L = a/fn min . (31)

Fig. 12. VC r m ax N versus a and Qm ax L (Vin m in N = 0.93 and fn m in =
0.9).

The same results are given for the power MOSFET current
(29) and conduction losses (30). Reducing the minimum switch-
ing frequency increases the stresses of the components of the
resonant converter.

Considering (29), (30), (11A), and (15A), to reduce the fre-
quency variation range and also the components’ stresses, we
have to choose fn min as close as possible to unity (fn min < 1).
To design the converter for realizing the aforementioned opti-
mized stresses, from (31) and (18), the necessary value of a for
achieving a desired value of VARR is obtained by

a =
VARR

/(√
2k
)
− 1

1 − f−2
n max

. (32)

Equation (32) illustrates that large values of a are necessary for
achieving wide output voltage adjustable ranges. These values
can be achieved easily by increasing Lr and decreasing Lm .
This approach is useful for low values of the output voltage
range. Its drawback is the necessity of high value of a which
requires large external inductor to achieve wide output range.

To achieve wide output voltage range, a tradeoff between
the converter inductance ratio and its components’ maximum
stresses leads to a smaller inductance ratio, instead of mini-
mizing the components’ stresses which leads to a great value
of the converter inductance ratio. Considering (18) and (15A),
VARR and VCr max N can be plotted versus a and Qmax L , as
illustrated in Fig. 13. A wide output voltage range converter can
be designed for low values of Qmax L , even when smaller val-
ues of a (for reducing the converter’s cost) are used, as shown
in Fig. 13(b). Nonetheless, the necessary values of a are high
enough which cannot be achieved using merely transformer
magnetizing and its primary-referred leakage inductances. Thus,
using an external inductor is unavoidable.

IX. IMPROVING THE CONVERTER PERFORMANCE

UNDER THE LIGHT-LOAD CONDITIONS

The gate drive circuit must be able to sink charges of the
MOSFET’s gate-source capacitors and turn them OFF before
their drain-source voltages rise significantly above zero. To as-
sist the transistor turn-off process, small capacitor may be added
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Fig. 13. (a) VARR and VC r m ax N versus Qm ax L and a. (b) VARR versus
small values of Qm ax L and a (fn m in = 0.85, fn m ax = 2.5).

in parallel with the drain-sources of the power MOSFETs. In
Fig. 1(a), Cp is the summation of the added capacitor and the par-
asitic capacitors of the drain-sources of the power MOSFETs.
Soft switching is one of the most important topics that must
be satisfied for using the LLC resonant converter as a wide
output range voltage source [24], [25]. To achieve ZVS opera-
tion at primary side of the converter at MOSFET turn-on times,
the converter should operate in the inductive region and the
resonant inductor’s current must be high enough to charge or
discharge Cp [16]. Amplitude of the circulating current should
be reduced as much as possible to minimize the conduction
losses of the converter; but the reduced circulating current may
not be enough to satisfy the ZVS operation. In the inductive
region of the LLC resonant converter, soft switching is achieved
for all power devices even under the worst case conditions, by
choosing dead-time value, Cp , and maximum switching fre-
quency, properly. The worst case happens at light- or no-load
conditions when output voltage is adjusted at its minimum value
and maximum input voltage is applied to the converter. Under
these conditions, the resonant inductor current is minimized.
Thus, to charge and discharge Cp effectively during the given
value of the dead time, maximum value of Cp should be lim-
ited, properly. By accounting the higher order harmonics of
the resonant inductor current and ignoring the voltage depen-
dence of the drain-sources parasitic capacitances, the neces-

sary dead time for achieving the ZVS operation even under the
worst case condition can be found, as reported in [17], [24],
and [25]. Based on these analyses, maximum value of Cp is
obtained

Cp =
2ΔT

π

√
Cr

Lr

1 +
(
π2
/
8 − 1

) (
1 − af−2

n max
/
(1 + a)

)

fn max (1 + a−1 − f−2
n max)

.

(33)
The selected dead time affects the efficiency of the converter,

because the energy is not transferred from the primary side to
the output load during this time interval, effectively, as can be
concluded from [26]. Thus, the effective duty cycle for energy
transferring is smaller for the longer dead times and higher input
resonant currents are required to deliver the same output power
as compared to the smaller dead-time values. So, the primary-
and secondary-side conduction losses, turn-off switching losses,
inductor and transformer losses are increased which reduce the
converter efficiency under the full-load conditions. On the other
hand, the ZVS operation is lost for smaller dead-time values
under the light-load condition, leading to lower efficiency. Thus,
the optimum value of the dead time can be chosen based on
the efficiency considerations and specifications of the devices.
Then, the maximum value of Cp is obtained from (33). The ZVS
operation is lost above this value.

Reducing the amplitude of the input resonant current as low as
possible to minimize the converter conduction losses is another
important topic that must be satisfied for increasing the LLC
resonant converter light-load performance. For a given value
of the full-load impedance to obtain good efficiency at light
loads, we should have |Zin∞ (jωs max)|〉〉 |Zin 0 (jωs min)|. In
other words, from (17A) and (18A), we must have

kz =
∣
∣∣∣
Zin∞ (jωs max)
Zin 0 (jωs min)

∣
∣∣∣ =

(
1 + a−1

)
f 2

n max − 1
1 − f 2

n min

fn min

fn max
〉〉1.

(34)
Larger values of kz lead to higher values of the input

impedance under the no-load conditions; this object reduces
the converter input current under the no-load condition and im-
proves the light-load efficiency. Higher value of kz is desired,
and it is limited by the frequency variation range and the com-
ponents’ stresses, and also by the output voltage range through
the converter inductance ratio, as illustrated in (34). From this
equation, the converter inductance ratio is derived

a =
[
f−2

n max + kz

(
f−1

n min − fn min
)/

fn max − 1
]−1

. (35)

Considering (19) and (35), VARR can be expressed as
follows:

VARR

=
Vin min/Vin max√(

1 − fn m a x
kz fn m in

1−f −2
n m a x

f −2
n m in −1

)(
1 − fn m a x

kz fn m in

f −2
n m in −f −2

n m a x

f −2
n m in −1

) .

(36)
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Fig. 14. VARR versus fn m in and fn m ax (kz = 4.287, Vin m in N = 0.914,
and Vin m ax N = 1.057, VARR0 = 5.2) (b) kz versus fn m in and fn m ax
(VARR0 = 5.2 and difference between fn m in in two adjacent curves is
Δfn m in = 0.025).

Considering (36), the desired value of kz is obtained as
follows:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
kz

=
1
A

+
1
B

−

√(
1
A

− 1
B

)2

+
4

AB

V 2
in min

V 2
ARRV 2

in max

A =
fn max

fn min

1 − f−2
n max

f−2
n min − 1

, B =
fn max

fn min

f−2
n min − f−2

n max

f−2
n min − 1

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(37)
From (36), VARR has been plotted in Fig. 14(a). The inter-

section of (36) and VARR0 shows the variations of fn min and
fn max for achieving a desired value of VARR0 , as plotted in
Fig. 14(a).

By considering (37), kz has been plotted in Fig. 14(b) versus
fn max − fn min for different values of fn min . From this figure,
a tradeoff between higher values of kz to improve the light-
load efficiency and lower values of fn max − fn min to achieve
narrow switching frequency variation can easily be done.

X. WIDE OUTPUT RANGE LLC VOLTAGE

SOURCE DESIGN PROCEDURE

For the given values of Vin min , Vin max , fs max , and the desired
values of Iout max , Vout min , and Vout max , the converter can be
designed as follows. The following parameters are considered,
as the prototype converter required: Vin min = 320 V, Vin max =
370 V, fs max = 315 kHz, Iout max = 3.0 A, Vout min = 35 V,
Vout max = 165 V, and Vr out = 30 mV).

Step 1: VARR should be plotted versus fn min and fn max for
an assumed value of kz 〉〉1, as shown in Fig. 14. Then, fn min
and fn max for the desired value of VARR can be chosen.

Typically, 10–20% of the maximum output voltage adjustable
range ratio is required as a margin to avoid the capacitive region
even when the converter delivers maximum power to the output
load and minimum input voltage is applied to the converter.
(Assuming 10% margin for VARR , and plotting it for kz =
4.287〉〉1, we can choose fn min = 0.8 and fn max = 2.5).

Step 2: a can be identified from (35) for the obtained values
of fn min , fn max , and assumed value of kz (a = 1.51).

Step 3: Calculate the transformer turns ratio from (9) for the
given values of Vin max N , Vout min N , and achieved values of a
and fn max . [From (2) and (3), we have Vin max N = 1.057 and
Vout min N = 0.1 which leads to n = 2.33].

Step 4: Calculate Qmax L from (10A) for the obtained values
of a and fn min , (Qmax L = 0.795). Now,

√
Lr/Cr is iden-

tified from (9A) for the given values of Iout max , Vout max ,
and achieved value of n. (For Iout max = 3.0 A and Vout max =
165 V, we have

√
Lr/Cr = 192.4 Ω).

Step 5: fr is obtained from (5) for the given value of fs max and
the obtained value of fn max and then

√
LrCr is identified (for

fs max = 315 kHz and fn max = 2.5, we have fr = 126 kHz
and

√
LrCr = 1.2631 μs/rad). Thus, Lr and Cr are given by

accounting the identified value of
√

Lr/Cr at the former step,
Lm is obtained from (5), and VCr max is obtained from (15A). Lr

is the summation of the transformer primary-referred leakage
inductance and the added inductance to the converter to achieve
large inductance ratio. (The calculations lead to Lr = 243 μH,
Lm = 161 μH, Cr = 6.6 nF, and VCr max = 1.5 kV.)

In general, transformers and inductors are two key parts of
the converters. For properly choosing the core shape, material,
and winding structure of these magnetic devices the designer
should refer to, for example, [14] and [27].

Step 6: The power MOSFET peak voltage is equal to the
maximum input voltage and its peak current can be obtained
from (26) and (29) as follows:

IDSM 1 = I1 =
√

Cr/LrIin max N Vin norm (38)

(MOSFET peak voltage is 370 V and IDSM 1 = I1 = 5.59 A).
Step 7: The optimum value of the dead time is achieved

from the specifications of the identified power MOSFETs. From
(33), calculate the maximum value of Cp for realizing the ZVS
operation (Choosing ΔT = 350 ns leads to Cp ≤ 373.5 pF).

Step 8: The output rectifier peak voltage is equal to the max-
imum output voltage, and based on the FHA approach, the rec-
tifier peak current can be obtained as follows:

IDpeak ≈ π2

2λ
Iout max . (39)

Here, λ≤ π is the output rectifier stage conduction angle [23].
It can be plotted versus normalized operating frequency for dif-
ferent values of load coefficient and inductance ratio to identify
the rectifier peak current, as depicted in [23]. Equations (38) and
(39) can be used for calculating the currents rms values to select
proper Litz wire for designing the external inductor and trans-
former windings. (The output rectifier peak voltage is equal to



3758 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 27, NO. 8, AUGUST 2012

Fig. 15. Simulated waveforms of the LLC resonant converter under the full-
load condition (i.e., Vout m ax , Iout m ax ) to evaluate the specifications of Cout .

165 V. From [23], for Iout max = 3 A and the other obtained pa-
rameters, λ = 2.2. Thus, the output rectifier peak current is 6.7
A.) In practice, the margins of the device specifications must
be chosen, properly. Based on the FHA approach, the power
MOSFET’s conduction losses under the maximum output cur-
rent condition for different output voltage can be calculated by
using (27). The resonant inductor and the transformer primary
winding losses can be calculated by considering (26) for dif-
ferent output voltages. From (39), the transformer secondary
winding losses and the output rectifying stage diodes’ conduc-
tion losses can be calculated. For Iout = Iout max , these losses
depend on the output voltage variations through λ, as shown in
(39).

Step 9: Considering (39) and Figs. 1 and 15, capacitance of
the output capacitor can be identified as follows:

Cout ≥
1 − λ/π

fs min

[
4Vr o u t
Io u t m a x

− ESRC out

(
π 2

λ
− 2
)] . (40)

(If Iout max = 3 A, λ = 2.2, Vr out = 25 mV, fs min =
101 kHz, and ESRCo u t ≤ 10.5 mΩ, then from (40), we should
have Cout ≥ 410 μF. Practically, Cout = 470 μF has been
chosen.)

In practice, we prefer to design the converter with small
frequency variation range and small component sizes. Using
a design flowchart for evaluating the components’ values and
stresses is a good approach to arrive at a suitable tradeoff, as
illustrated in Fig. 16. Initial values of a, IDSM , and VCr max
can be calculated based on the given approach, as discussed in
the different steps. According to the given design flowchart in
Fig. 16, minimum switching frequency, minimum current and
voltage stresses, minimum converter inductance ratio, and max-
imum efficiency under the full-load (lower IDS M 1) and no-load
(higher kz ) conditions can be realized to achieve the desired
output voltage adjustable range. If some parameters need to be
smaller than the derived values, a tradeoff between these param-
eters and the others can be done. For example, if wider switching
frequency variation range is available, then we can reduce the
converter inductance ratio further, as can be concluded from
Fig. 16.

To reduce the frequency variation range, small values of
fn max are preferred and the aforementioned approach gives
quite accurate results. For large values of fn max , this procedure

Fig. 16. Wide output range LLC resonant converter design flowchart.

is less accurate, but still valid, due to the presence of the higher
order harmonics which have been ignored in the FHA approach
for deriving the output voltage adjustment range. Thus, for ap-
plications in which large values of fn max are unavoidable, using
a circuit simulator in addition to this procedure is useful.

Finally, it must be mentioned that the transient analysis and
control design of the LLC resonant converter for constant output
voltage applications have been discussed by many authors [7]
and [28]–[32]. But these analyses do not cover wide output
voltage with wide dynamic loading applications, and more in-
vestigations are necessary. When the output voltage is tried to be
adjusted in a new desired value, the incorrect initial conditions
for resonant components and the voltage gain mismatch cause
high surge current in the circuit. Thus, the controller must be de-
signed to have a proper and safe inrush current. Control design
is very important and it should be studied in detail to achieve
acceptable overshot and transient response at start-up for each
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TABLE I
KEY PARAMETERS OF THE DESIGNED PROTOTYPE CONVERTER

Fig. 17. LLC waveforms under the no-load condition Iout = 45 mA,
Vout = 33.15 V, Vin = 370 V, fs = 315 kHz, time/division = 500 ns.
(a) Primary-side waveforms. (Top) vDSM 2 , 100 V/div. (Middle) iDSM 2 ,
250 mA/div. (Bottom) vGSM 2 , 10 V/div. (b) Secondary-side wave-
forms. (Top) Vout , 10 V/div. (Middle) vKAD 3 , 10 V/div. (Bottom) iD 3 ,
100 mA/div.

output voltage value, turn-off moments, and versus input/output
voltages and load variations for the resonant converters in wide
output voltage range applications. Here, a design procedure has
been introduced for optimizing the converter power stage. Thus,
it has been tested in steady state under different conditions, as
briefly reported in the next section.

XI. EXPERIMENTAL RESULTS

The adapted resonant controller and key parameters of the
designed converter have been tabulated in Table I. In this table,
Cr is made from parallel-connected capacitors. To study the
behavior of the designed converter under load and input volt-
age variations in steady state, it has been tested under different
conditions. Figs. 17–19 show the corresponding experimental
graphs. Fig. 17 shows the converter waveforms when maximum
input voltage is applied to the converter and under the no-load
condition its output voltage is adjusted at minimum value to
illustrate the realization of the ZVS operation with maximum
switching frequency.

As mentioned earlier, the gate drive circuit must be able to
sink charges of the power MOSFET’s gate-source capacitors and
turn them OFF before their drain-source voltages rise signifi-

Fig. 18. LLC waveforms under the full-load condition Iout = 3 A,
Vout = 166.5 Vdc , Vin = 320 V, fs = 107 kHz, time/division = 2 μs.
(a) Primary-side waveforms. (Top) vDSM 2 , 100 V/div. (Middle) iDSM 2 ,
5 A/div. (Bottom) vGSM 2 , 10 V/div. (b) Secondary-side waveforms. (Top)
Vout , 50 V/div. (Middle) vKAD 3 , 50 V/div. (Bottom) iD 3 , 5 A/div.

Fig. 19. LLC different waveforms under the full-load condition Iout = 3 A,
Vout = 166.5 Vdc , Vin = 320 V , time/division = 2 μs, fs = 107 kHz.
(Top) vDSM 2 , 100 V/div. (Middle) vC r , 500 V/div. (Bottom) iC r ,
5 A/div.

cantly above zero. To assist the transistor turn-off process, small
capacitor Cp may be added in parallel with the drain-sources
of the power MOSFETs, as shown in Fig. 1(a). So, the power
MOSFET turn-off switching losses can be reduced. Choosing
Cp , maximum switching frequency, and dead-time values prop-
erly, the power MOSFETs are switched ON and OFF without
any ringing, as shown in Fig. 17(a). Thus, the ZVS operation is
achieved even under the worst case conditions, i.e., light- or no-
load condition, minimum output, and maximum input voltages.

Choosing Cp , maximum switching frequency, and dead-time
values improperly generates ringing at MOSFET turn-on times
(no more ZVS operation) under the worst case condition. These
ringings are associated with the stored energy in Cp and the
stray inductances of the circuit at MOSFETs turn-on times.
Fig. 18 illustrates the converter primary- and secondary-side
experimental waveforms to deliver maximum power to the out-
put load when minimum input voltage (320 Vdc) is applied to
the converter. As shown in this figure, ZCS is achieved at the
output rectifier stage. This subject is realized for whole output
load and input and output voltages’ variation ranges.

In Fig. 18(a), drain-source voltage rise and fall times are ap-
proximately equal to 63 and 52 ns, respectively. These time
intervals are much smaller than the necessary dead time [see
Fig. 17(a)]. This is due to the higher values of the drain-source
current under the full-load condition at turn ON and OFF times,
as compared to the conditions under which the given wave-
forms in Fig. 17(a) have been measured. Discontinuous con-
duction mode (DCM) operation of the converter output rectify-
ing stage occurs below the resonant frequency. Thus, the output
rectifying stage diodes’ conduction angles are less than π, as
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Fig. 20. Load-step responses of the designed converter at two different con-
ditions, time/division =50 μs. (a) Vout = 165 Vdc , Vin = 320 V. (Top)
Vout , 2V/div. (Bottom) Iout , 1 A/div. (b) Vout = 35 Vdc , Vin = 360 V.
(Top) Vout , 0.5 V/div. (Bottom) Iout , 1 A/div.

TABLE II
COMPARING THE PROTOTYPE CONVERTER CALCULATED AND

EXPERIMENTAL RESULTS

illustrated in Fig. 18(b). When the rectifying stage operates
in DCM, transformer secondary-side leakage inductance and
rectifying-stage parasitic capacitance cause some ringing, as
shown in Figs. 17(b) and 18(b).

Fig. 19 illustrates the LLC resonant converter primary-side
waveforms to deliver maximum power to the output load when
minimum input voltage (320 Vdc) is applied to the converter.
Smaller output voltages are converted at higher switching fre-
quencies to deliver the same output current to the output loads.
Generally, higher switching frequencies generate higher induc-
tor’s and transformer’s core losses, but higher frequencies in-
crease the input impedance which leads to lower circulating
currents, lower semiconductors conduction losses, and lower
transformer’s and inductor’s core and copper losses.

Finally, load-step responses of the designed converter at two
different conditions have been illustrated in Fig. 20. The con-
verter has a good closed-loop load transient response in both
cases. The designed prototype converter calculated and experi-
mental results have been tabulated in Table II. As shown in this
table and also illustrated in Figs. 17–20, the experimental results
are in good agreement with the calculated values.

Efficiency of the prototype voltage source versus output cur-
rent has been plotted in Fig. 21 under two different conditions.
Under light loads, the efficiency is reduced, due to increasing

Fig. 21. Efficiency of the wide output range LLC resonant converter versus
output current for maximum and minimum values of the output voltage (the
LLC resonant converter input voltage modulated by twice of the line frequency,
its variations depend on its output load, due to the poor load regulation of the
PFC stage. These variations are limited between 320 and 370 V).

the switching frequency and increasing the reactive power which
occurred in the constant output voltage applications of the LLC
resonant converter. Also, in general, the circulating currents in
the resonant converters do not reduce proportional to the output
load reduction.

When output load varies between light- and full-load con-
ditions, power losses of the output diodes vary proportional
to the output load. But this is not true with power MOSFETs
and transformer losses, due to the aforementioned reasons and
no ZVS operation of the power MOSFETs at turn-off times.
Because of the soft-switching operation of the LLC resonant
converter, increasing the input voltage reduces the conduc-
tion losses and improves its efficiency for the chosen power
MOSFETs.

XII. CONCLUSION

A design procedure has been introduced for designing wide
output range voltage source based on the LLC resonant con-
verter. For this purpose, converter large inductance ratio and
wide switching frequency variations are needed simultaneously,
which should be optimized. Power MOSFET peak current and
conduction losses, maximum voltage of the resonant capaci-
tor, and output voltage adjustable range have been calculated
based on the FHA approach. Considering the optimum dead-
time value and maximum switching frequency, the maximum
value of the capacitance appeared in parallel with the power
MOSFETs drain-sources has been identified to realize the ZVS
operation in the inductive region. A tradeoff between the con-
verter inductance ratio and its components’ maximum stresses
for achieving wide output voltage range causes a smaller in-
ductance ratio. Nonetheless, the necessary inductance ratio can-
not be achieved using merely transformer magnetizing and its
primary-referred leakage inductances, and using an external in-
ductor is unavoidable. A developed prototype of the converter
has been tested for different regulated output voltages (35–
165 Vdc) under different loads (0–3 Adc) and input voltages
(320–370 Vdc) conditions with maximum efficiency of 94.7%
for using as an ion implanter arc power supply.
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APPENDIX I

EFFECT OF THE PFC CONVERTER’S OUTPUT VOLTAGE RIPPLE

ON THE LLC RESONANT CONVERTER’S FREQUENCY

VARIATION RANGE

Inserting (5) into (4) we can write

4n2α2I2
out + 4n2β2V 2

out = V 2
in . (1A)

Here

α = rfn

(
1 − f−2

n

)
, β =

(
1 + a − af−2

n

)
, r =

π2

8n2

√
Lr

Cr
.

(2A)
We can consider this simplifying assumption that the reso-

nant converter input voltage varies between its minimum and
maximum values proportional to the output power, due to the
existence of the second harmonic in the PFC converter output
voltage and its poor regulation. Therefore, by considering Fig. 3,
lower value of the LLC converter input voltage can be written
as follows for each output power value:

Vin = Vin max − (Vin max − Vin min)
Pout

Pout max
. (3A)

In fact, there is a nonlinear relationship between the resonant
converter input voltage and output power which complicates the
calculations. But we can consider a linear behavior for simplic-
ity. So, for maximum output current we have

Vin = Vin max − MVoutFL , M = (Vin max − Vin min)/Vout max .
(4A)

Considering (1A) and (4A), this output voltage value can be
derived as follows:

Vout FL =

2n
√

β2V 2
in max + α2(M 2 − 4n2β2)I2

out max − MVin max

4n2β2 − M 2 .

(5A)

Also, from (4), (2A), and (3A), the output voltage under the
no-load condition can be expressed as follows:

Vout NL =
Vin max

2nβ
. (6A)

Equations (5A) and (6A) include frequency variations to regu-
late the output voltage in a wide range while input voltage and
output load change.

APPENDIX II

CALCULATING THE NORMALIZED MAXIMUM

OUTPUT VOLTAGE

Considering (7) and equating imaginary part of (6) to zero
and rearranging it, we can write

1
f 2

n min
= 1 +

1
a (1 + χm )

(7A)

where

χm = (Qmax Lfn min/a)2 . (8A)

Considering (5), we have

Qmax L =
π2Iout max

8n2Vout max

√
Lr

Cr
. (9A)

Substituting (8A) into (7A), Qmax L is given as follows:

Qmax L =
√

a (1 − f 2
n min)−1 − a2f−2

n min . (10A)

To obtain a real value for Qmax L , we should have

a ≤ f 2
n min
/(

1 − f 2
n min
)
, fn min < 1. (11A)

Considering (7A), (8A), and (4), Vout max N is obtained

Vout max N =
√

1 + a2Q−2
max Lf−2

n min
Vin min N

2n
. (12A)

APPENDIX III

DERIVING THE RESONANT CAPACITOR MAXIMUM VOLTAGE

According to Fig. 1 and considering (5), (6), and Vi =
2Vin min/π, peak value of the ac voltage of the resonant ca-
pacitor is given as follows:

VCr
=

I1

2πfs minCr
=

1
2πfs minCr

Vi

|Zin |
=

2
π

Vin min

fn minZin N
.

(13A)
Considering the resonant capacitor dc voltage Vin min/2, its

maximum voltage in the normalized form is derived

VCr max N =
VCr max

Vin norm
=
(

1
2

+
2
π

1
fn minZin N

)
Vin min N .

(14A)
Considering (28), this maximum value is rearranged as

follows:

VCr max N =
[
1
2

+
2
π

a2 + Q2
max Lf 2

n min

f 3
n minQmax L

]
Vin min N . (15A)

APPENDIX IV

DEFINING THE CONVERTER INPUT IMPEDANCE RATIO

Considering Fig. 1(b), the converter input impedances under
the output short- and open-circuit conditions are derived

Zin 0 (s) =
1

Crs
+ Lrs, Zin∞ (s) =

1
Crs

+ (Lr + Lm ) s.

(16A)
We define the converter’s input impedance ratio as follows:

kz =
∣∣∣∣
Zin∞ (jωs max)
Zin 0 (jωs min)

∣∣∣∣ . (17A)

Here, ωs min and ωs max are corresponding to fn min and
fn max , respectively. Considering (5), (16A), and (17A), kz can
be expressed as follows:

kz =

(
1 + a−1

)
f 2

n max − 1
1 − f 2

n min

fn min

fn max
. (18A)
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Vout min N =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2Vin max N

nπ (1 + a)

[
l−1∑

m=1

(2m − 1) (−1)m

(2m − 1)2 − f ′−2
n max

+
∞∑

m= l

(2m − 1) (−1)m−1

(2m − 1)2 − f ′−2
n max

]

,
1
l
≤ f ′

n max < 1

2Vin max N

nπ (1 + a)

∞∑

m=1

(2m − 1) (−1)m−1

(2m − 1)2 − f ′−2
n max

, f ′
n max ≥ 1.

(23A)

APPENDIX V

ACCOUNTING THE EFFECTS OF THE HIGHER

ORDER HARMONICS

To account the effects of the higher order harmonics, (18),
(19), (21), and (32) should be rewritten as follows, respectively

VARR =
Vout max N

Vout min N
=

kπ (1 + a)
4

√
1 + a2Q−2

max Lf−2
n min

∑∞
m=1

(2m−1)(−1)m −1

(2m−1)2 −f −2
n m a x

(19A)

VARR =
kπ (1 + a)/4

√
1 + a − af−2

n min
∑∞

m=1
(2m−1)(−1)m −1

(2m−1)2 −f −2
n m a x

(20A)

VARR =
kπ (1 + a)/4

√
1 + a − ak2

f f−2
n max

∑∞
m=1

(2m−1)(−1)m −1

(2m−1)2 −f −2
n m a x

(21A)

a = VARR
2
√

2
kπ

∞∑

m=1

(2m − 1) (−1)m−1

(2m − 1)2 − f−2
n max

− 1. (22A)

These equations can be applied for f ′
n max ≥ 1. By consider-

ing the minimum normalized dc output voltage for different val-
ues of f ′

n max which can be derived as follows, similar equations
can be obtained for f ′

n max < 1. Equation (23A) is as shown at
the top of this page.
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