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Abstract—The fundamental frequency component in the arm
currents of a modular multilevel converter is a necessity for the
operation of the converter, as is the connection and bypassing of
the submodules. Inevitably, this will cause alternating components
in the capacitor voltages. This paper investigates how the arm
currents and capacitor voltages interact when the submodules are
connected and bypassed in a sinusoidal manner. Equations that de-
scribe the circulating current that is caused by the variations in the
total inserted voltage are derived. Resonant frequencies are identi-
fied and the resonant behaviour is verified by experimental results.
It is also found that the effective values of the arm resistance and
submodule capacitances can be extracted from the measurements
by least square fitting of the analytical expressions to the measured
values. Finally, the analytical expression for the arm currents is
verified by experimental results.

Index Terms—Analytical steady-state model, arm currents,
experimental results, modular multilevel converter, phase-leg
resonance .

NOMENCLATURE

m̂ Modulation index.
ω Fundamental frequency in radians per second.
ωrn Fundamental frequency in radians per second that

causes resonance for the nth order harmonic.
φn Angular displacement of the nth-order harmonic in

the circulating current.
φun,ln Angular displacement of the nth-order harmonic in

the upper- and lower-arm currents.
C Submodule capacitance.
Cf Capacitance of the dc-link filter.
in Instantaneous value of the nth-order harmonic in

the circulating current.
io Instantaneous value of the ac-side current.
idc Time average of the circulating current.
ia1 Half of the instantaneous ac-side current.
icu,cl Instantaneous capacitor current in the upper- and

lower-arm submodules.
iu,l Instantaneous value of the upper- and lower-arm

currents.
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iun,ln Instantaneous value of the nth-order harmonic in
the arm currents.

L Total inductance in one phase leg.
N Number of submodules per arm.
Nu,l Upper and lower arm insertion indices.
R Effective resistance of one phase leg.
sref Reference waveform used to define angular dis-

placements.
T Fundamental frequency period in seconds.
t Time in seconds.
un Instantaneous value of the nth-order harmonic of

the total inserted voltage in one phase leg.
vcu,cl Instantaneous capacitor voltages in the upper and

lower-arm submodules.
viu,il Instantaneous value of the inserted voltage by each

submodule in the upper and lower arm.
vu,l Instantaneous value of the inserted voltage in the

upper and lower arm.
Za Total phase-leg impedance.
Zf Impedance of the dc-link filter.

I. INTRODUCTION

W ITH the modular multilevel converter (M2C) a new era
for high-power voltage source converters was entered.

Since the M2C, which was first presented in [1]–[4], combines
excellent output voltage waveforms with very high efficien-
cies [5], [6], it is ideal for high-voltage high-power applications
such as high-voltage direct current transmission [5], [6], high-
power motor drives [7]–[10], and electric railway supplies [11].
The basic operation [1]–[3], [12] and the internal dynamics [13]
have been described, but no explicit analytical expressions for
the arm currents have been presented so far. This holds for
both the dynamics and for the steady-state case. The reason
for this is that even a continuous representation of the circuit
results in nonlinear equations.Explicit expressions for the arm
currents and for their interaction with the arm voltages are a
vital component for the understanding of the operation of the
converter. Due to the aforementioned nonlinearities, harmonic
components are inevitably generated in the arm quantities [14].
To predict the frequencies, the amplitudes, and the phase an-
gles of these harmonic components, explicit expressions are
very helpful. In the circuit-design stage an analytical represen-
tation is also helpful since voltage and current ratings depend
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on the magnitudes of the harmonic components. However, the
harmonic components can be influenced significantly by ap-
propriate modifications of the control signals [15], and various
control methods have therefore been suggested [13], [15]–[18].
Consequently, the steady-state control strategy is interrelated
with the main-circuit design. Without an analytical representa-
tion, however, numerous time-consuming simulations have to
be performed in order to find an adequate combination of cir-
cuit parameters and steady-state control signals. Additionally,
an analytical steady-state representation of the arm quantities
can also be helpful during the design of the dynamical control
system. At first sight, this might seem strange because the design
of the controllers is mainly based on the converter dynamics.
Nevertheless, analytical steady-state equations may predict res-
onances that may dictate the boundaries for the controllers. If
these boundaries can be expressed in terms of circuit parame-
ters, the analytical expressions can very effectively describe the
interrelations between main-circuit design, steady-state control,
and dynamical controller design, and in this way the design
process may be simplified substantially. It is, therefore, the in-
tention of this paper to provide a complete set of analytical
equations for the description of the arm quantities of an M2C,
and to describe the interaction of arm currents, arm voltages,
and phase-leg voltages.

The outline of the paper is as follows. In Section II the basic
assumptions and definitions are discussed. This is followed by
the derivation of the equations relating the current and voltage
harmonics in Section III. The solution to the derived equations
in a three-phase system is discussed in Section IV. Finally, the
analytical results are compared with experimental results on a
10 kVA prototype in Section V.

II. FOUNDATIONS FOR THE ANALYSIS

A. Modeling Approach and Assumptions

The estimation of the arm currents is based on the fundamen-
tal frequency component in the ac-side current, the direct current
in the dc-line and the modulation index. The chosen modeling
approach is to derive equations that relate the total voltage across
all submodules in one phase-leg to the circulating current. The
resulting current can then be calculated by specifying circuit
parameters such as number of phases and dc-link filter banks.

In order to simplify the analysis some simplifications and
assumptions are made. These assumptions are as follows:

1) Only the fundamental frequency component in the pulse
pattern is considered. This is equivalent with assuming an
infinite switching frequency and considerably simplifies
the analysis. Hence, the focus of the analysis is to inves-
tigate the effect of the inevitable fundamental frequency
component in the pulse pattern.

2) All submodules are identical and instantaneous voltage
balancing is assumed. It is assumed that the capacitor
voltages are balanced at all times. Furthermore, it is as-
sumed that all submodules are identical. This way the need
for treating the submodules individually can be avoided.

3) Losses are modeled with a series resistance. For sim-
plicity, the losses that are included in the modeling are

Fig. 1. One phase leg of the M2C, including the schematics of the upper and
lower arm submodules.

represented by a resistance that is connected in series with
each arm. Leakage currents and nonlinear voltage drops
across the semiconductors are not included in the model.
The total resistive voltage drop across each phase leg is
modeled by an effective resistance R that is distributed
evenly between the upper and lower arm.

4) Direct modulation is used. It is assumed that the mod-
ulation is carried out by simply varying the number of
submodules that are connected in each arm in a sinusoidal
manner. The capacitor voltages are balanced by actively
choosing which submodule to connect or bypass in each
switching instant [1]. In this paper this modulation method
is referred to as direct modulation. The analysis in this pa-
per, however, aims to describe the effect of the inevitable
fundamental frequency component in the pulse pattern.
This means that the results can be applied for other modu-
lation methods as well, assuming that the pulse patterns to
the submodules in each arm share the same fundamental
frequency component.

B. Definitions

The currents, voltages, and insertion indices need to be de-
fined in order to carry on with the calculations. One phase-leg is
illustrated in Fig. 1 where the positive directions of the currents
and voltages are defined.

The arm currents are defined such that a positive arm current is
charging the capacitors and the alternating and direct-currents
are defined as for dc/ac-inverter operation. Furthermore, the
insertion indices of the upper and lower arms are denoted by
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Nu and Nl , respectively. They are defined as

Nu =
1
2
(1 − m̂ cos(ωt)) (1)

Nl =
1
2
(1 + m̂ cos(ωt)) (2)

where m̂ ∈ [0 1] is the modulation index. The insertion in-
dices describe how many modules, on average are connected in
each arm. To measure the phase angle of sinusoidal quantities a
reference waveform must be chosen. The reference is chosen as

sref = cos(ωt) (3)

meaning that the time varying component in the lower arm
insertion index, Nl , have zero degrees phase-shift. The choice
of reference is motivated by the fact that under ideal conditions
the voltage at the ac-side connection point is in phase with (3).

The arm currents can be described by the general expressions

iu =
∞∑

n=0

iun (4)

il =
∞∑

n=0

iln (5)

where

iun = îun cos(nωt + φun) (6)

iln = îln cos(nωt + φln). (7)

The ac-side current is defined as for inverter operation, as
shown in Fig. 1. Consequently, the ac-side quantities will here-
after be referred to as the output current and output voltage. As
it is assumed that the output current is purely sinusoidal without
any dc components, it can be defined as

io = 2̂ia1 cos(ωt + φa1) (8)

where îa1 indicates half of the peak value of the fundamental
frequency component and φa1 describes the angular displace-
ment with respect to the reference in (3). The peak value îa1 is
defined such that if the current is split evenly between the arms,
a current with the peak value îa1 must flow in each arm toward
the ac terminal.

The last quantity that has to be defined is the direct current,
which is defined as the dc component of the circulating current.
The circulating current can be expressed as half of the sum of
the upper and lower arm currents. Thus, the dc component of
the circulating current can be expressed as

idc =
1
2
(iu + il). (9)

III. DERIVING THE EQUATIONS FOR RELATING CURRENT AND

VOLTAGE HARMONICS

A. Phase-Leg Voltage Equations

The first step to derive the expressions for the phase-leg volt-
age is to find the duty ratio of the submodules. As the voltage-
balancing is instantaneous, all modules are identical and the
switching frequency is infinite, it is easily understood that the

duty ratio is proportional to the amount of connected modules
in each arm. This means that the duty ratio of the submod-
ules in one arm is equal to the insertion index for that arm. As
a consequence the inserted voltage and capacitor currents are
proportional to the insertion indices in each arm. Hence, the
currents icu and icl in Fig. 1 can be expressed as

icu = Nuiu (10)

icl = Nlil . (11)

Similarly, the voltage vi , that is inserted by each submodule can
be obtained by multiplying the insertion index with the capacitor
voltage, that is

viu = Nuvcu (12)

vil = Nlvcl. (13)

If the capacitance of one submodule capacitor is C, the ca-
pacitor voltages are easily found by integrating the capacitor
currents icu and icl

vcu =
1
C

∫
Nuiu dt (14)

vcl =
1
C

∫
Nlil dt. (15)

Inserting (1)–(2) and (4)–(5) in (14) and (15) yields

2Cvcu =
∫

(1 − m̂ cos(ωt))

( ∞∑

n=0

iun

)
dt (16)

2Cvcl =
∫

(1 + m̂ cos(ωt))

( ∞∑

n=0

iln

)
dt. (17)

Any dc component in the integrands resulting from the products
in the integrands would cause the capacitor voltages to grow
infinitely high. Therefore, there must be no dc component in the
integrand at steady-state operation. The products may, however,
yield several dc components that sums to be 0.

According to (1) and (2), the average duty ratio over one
fundamental period is always 0.5. Assuming that there is a dc
component in the circulating current this will result in a dc
component in the integrands in (16) and (17).

The output current imposes a fundamental frequency compo-
nent in the arm currents. As the duty ratio is varying sinusoidally
with the fundamental frequency, this will cause the capacitor
current to have a dc component. This is illustrated in Fig. 2
where a 50 Hz current with the peak amplitude 1 A is switched
with 1 kHz. The duty ratio is varying sinusoidally in phase with
the current so that the duty ratio is higher than 0.5 during the
positive half-period and less than 0.5 during the negative half
period. Inevitably, this will cause the net-flow of charge to be
positive, as is clearly seen in Fig. 2.

The dc components that originate from the output current
and the direct current are of equal magnitude and of opposite
signs. This means that for inverter operation the direct current is
charging the capacitors, which are then discharged by the output
current.
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Fig. 2. Alternating current switched with a sinusoidally varying duty ratio.

The integral over one period is zero for the harmonics as well
as the product of the fundamental and any given harmonic. This
means that integrating the integrals in (16) and (17) over one
period T simplifies the integrands substantially

∫ T

0
(1 − m̂ cos(ωt))

( ∞∑

n=0

iun

)
dt

=
∫ T

0

[
iu0 − îu1m̂ cos(ωt) cos(ωt + φu1)

]
dt (18)

∫ T

0
(1 + m̂ cos(ωt))

( ∞∑

n=0

iln

)
dt

=
∫ T

0

[
il0 + îl1m̂ cos(ωt) cos(ωt + φl1)

]
dt. (19)

As a consequence, for the system to be stable, the dc compo-
nents of the cosine products in (18) and (19) must be equal to
iu0 and il0 . A stable system must therefore satisfy the following
equations

iu0 −
m̂îu1

2
cos(φu1) = 0 (20)

il0 +
m̂îl1

2
cos(φl1) = 0. (21)

Equations (20) and (21) form an underdetermined system of
equations. This means that it is not possible to determine if the
amplitudes of iu1 and il1 are equal. The fundamental frequency
component in the arm currents can, however, be separated in a
circulating and noncirculating part

iu1 = ia1 + i1 (22)

il1 = −ia1 + i1 (23)

where ia1 is half of the output current and i1 is the circulating
current at the fundamental frequency. This way the upper and
lower arm currents can be expressed by components that are of
equal magnitudes in both arms.

According to the assumptions that were made, the output cur-
rent does not have a dc component or harmonics. Consequently,
the dc component and all harmonic components in the arm cur-
rents are circulating, meaning that they are of equal magnitude
and phase in both arms. The arm currents can then be redefined

as

iu = idc + ia1 +
∞∑

n=1

in (24)

il = idc − ia1 +
∞∑

n=1

in (25)

where

in = în cos(nωt + φn ). (26)

The total arm voltages are found by multiplying the capaci-
tor voltages in (14) and (15) with the number of inserted sub-
modules. If there are N submodules in each arm the total arm
voltages are given by

vu = N

(
1 − m̂ cos(ωt)

2

)
1
C

∫
Nuiu dt (27)

vl = N

(
1 + m̂ cos(ωt)

2

)
1
C

∫
Nlil dt (28)

which can be written as

2Cvu

N
= (1 − m̂ cos(ωt))

∫
Nuiu dt (29)

2Cvl

N
= (1 + m̂ cos(ωt))

∫
Nlil dt. (30)

The sum of (29) and (30) gives the total inserted voltage
across the whole phase-leg, scaled by 2C over N , that is

2Cvu

N
+

2Cvl

N
= (1 − m̂ cos(ωt))

∫
Nuiu dt

+ (1 + m̂ cos(ωt))
∫

Nlil dt (31)

which also can be written as

2C(vu + vl)
N

=
∫

(Nuiu + Nlil) dt

− m̂ cos(ωt)
∫

(Nuiu − Nlil) dt. (32)

The products Nuiu and Nlil are given by

Nuiu =
1
2

(
idc + ia1 +

∞∑

n=1

in − m̂ cos(ωt)idc

− m̂ cos(ωt)ia1 − m̂ cos(ωt)
∞∑

n=1

in

)
(33)

Nlil =
1
2

(
idc − ia1 +

∞∑

n=1

in + m̂ cos(ωt)idc

− m̂ cos(ωt)ia1 + m̂ cos(ωt)
∞∑

n=1

in

)
. (34)

According to (29) and (30), the dc components of the products
in (33) and (34) must be 0. If they were not to be zero, the system
would become unstable. As a consequence, the integral over one
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period must be zero, that is

1
T

∫ T

0
Nuiu dt

=
1
2

1
T

∫ T

0
[idc − ia1m̂ cos(ωt) − i1m̂ cos(ωt)] dt = 0

(35)

1
T

∫ T

0
Nlil dt

=
1
2

1
T

∫ T

0
[idc − ia1m̂ cos(ωt) + i1m̂ cos(ωt)] dt = 0.

(36)

Performing the integrations yields

1
T

∫ T

0
Nuiu dt =

idc

2
− m̂

4
îa1 cos(α) − m̂

4
î1 cos(φ1) (37)

1
T

∫ T

0
Nlil dt =

idc

2
− m̂

4
îa1 cos(α) +

m̂

4
î1 cos(φ1). (38)

As (37) and (38) are 0, the same holds true for their difference.
Subtracting (37) from (38) yields

1
T

∫ T

0
Nlil dt − 1

T

∫ T

0
Nuiu dt =

1
2
m̂î1 cos(φ1) = 0 (39)

which means that any circulating component at the fundamental
frequency must be phase-shifted ± 90 degrees relative to the
reference in (3). Equations (37) and (38) suggest that a circu-
lating current that does not fulfil this criterion would cause a
positive net-flow of energy to one arm and a negative net-flow
of energy to the other.

The integrands in (32) are described by the sum and difference
of (33) and (34), that is

Nuiu + Nlil = idc +
∞∑

n=1

in − m̂ cos(ωt)ia1 (40)

Nuiu − Nlil = ia1 − m̂ cos(ωt)idc − m̂ cos(ωt)
∞∑

n=1

in .

(41)

Inserting (40) and (41) in (32) gives

2C

N
(vu + vl) = Q1 + Q2 + Q3 + Q4 + Q5 + Q6 (42)

where

Q1 =
∫

idc dt (43)

Q2 =
∫ ∞∑

n=1

în cos(nωt + φn ) dt (44)

Q3 = −
∫

m̂ îa1 cos(ωt) cos(ωt + φa1) dt (45)

Q4 = −m̂ cos(ωt)
∫

îa1 cos(ωt + φa1) dt (46)

Q5 = m̂ cos(ωt)
∫

m̂idc cos(ωt) dt (47)

Q6 = m̂ cos(ωt)
∫

m̂ cos(ωt)
∞∑

n=1

în cos(nωt + φn ) dt.

(48)

The next step is to perform the integrations in order to iden-
tify the frequency content. To do this, the third and sixth inte-
grals, Q3 and Q6 , have to be expanded as they have products
of trigonometric functions in their integrands. Since the sixth
integral does not fit on a single line it is split in two parts, Q6a
and Q6b

Q3 = −m̂îa1

2

∫
cos(φa1) + cos(2ωt + φa1) dt (49)

Q6a = m̂ cos(ωt)
∞∑

n=2

∫
m̂

2
în cos((n − 1)ωt + φn ) dt (50)

Q6b = m̂ cos(ωt)
∞∑

n=1

∫
m̂

2
în cos((n + 1)ωt + φn ) dt (51)

where the sum in (50) starts from n = 2, as it is equal to zero
for n = 1, according to (39).

The integrations can then be performed

Q1 = idct + K1 (52)

Q2 =
∞∑

n=1

în
nω

sin(nωt + φn ) + K2 (53)

Q3 = −m̂îa1

2
cos(φa1)t −

m̂îa1

4ω
sin(2ω + φa1) + K3 (54)

Q4 = −m̂

ω
cos(ωt)

(
îa1 sin(ωt + φa1) + K4

)
(55)

Q5 =
m̂2

ω
cos(ωt) (idc sin(ωt) + K5) (56)

Q6a =
m̂2

2
cos(ωt)

( ∞∑

n=2

( în
(n − 1)ω

× sin((n − 1)ωt + φn )
)

+ K6a

)
(57)

Q6b =
m̂2

2
cos(ωt)

( ∞∑

n=1

( în
(n + 1)ω

× sin((n + 1)ωt + φn )
)

+ K6b

)
. (58)

The constants Kn indicate the initial charge that is stored in
the upper- and lower-arm capacitors. Their contribution to (42)
is one dc component and one component at the fundamental
frequency. The harmonics in the circulating current originates
from the variations in (42), meaning that the dc component is
of no interest for this analysis. For this reason the constants K1 ,
K2 , and K3 can be omitted as they do not affect the frequency
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content of (42), but merely add a constant that corresponds to
the time average of the capacitor voltages.

The constants K4 , K5 , K6a , and K6b originates from the
integral

Q4 + Q5 + Q6 = −m̂ cos(ωt)
∫

(Nuiu − Nlil) dt. (59)

To simplify the calculations, define
∫

Nuiu dt = Fu (t) + Ku (60)

∫
Nlil dt = Fl(t) + Kl (61)

where F (t) is the primitive function to the integrand and K
the integration constant. Equations (60) and (61) describe the
charge that is stored in one capacitor in each arm. The charge is
oscillating around Ku and Kl according to the functions Fu (t)
and Fl(t). This means that if the stored energy is equal in the
upper and lower arm, Ku is equal to Kl . Assuming that the
stored energy is equal in the upper and lower arm, (59) becomes

Q4 + Q5 + Q6 = −m̂ cos(ωt)(Fu (t) − Fl(t)) (62)

given that Ku = Kl , and the constants K4 , K5 , K6a , and K6b
cancel out. It can therefore be concluded that when steady-state
operation is considered, all constants Kn can be omitted in the
analysis.

The different frequency components can be found by first
expanding the sine-products. The right-hand side of (32) can
then be described by the sum of the following expressions

Q1 = idct (63)

Q2 =
∞∑

n=1

în
nω

sin(nωt + φn ) (64)

Q3 = −m̂îa1

2
cos(φa1)t −

m̂îa1

4ω
sin(2ωt + φa1) (65)

Q4 = −m̂îa1

2ω
(sin(2ωt + φa1) + sin(φa1)) (66)

Q5 =
m̂2idc

2ω
sin(2ωt) (67)

Q6a =
m̂2

4

∞∑

n=2

(
în

(n − 1)ω

× (sin((n − 2)ωt + φn ) + sin(nωt + φn ))

)
(68)

Q6b =
m̂2

4

∞∑

n=1

(
în

(n + 1)ω

× (sin(nωt + φn ) + sin((n + 2)ωt + φn )

)
. (69)

Finally, the frequency content can be extracted from the derived
equations. They are labeled fn where n corresponds to the har-
monic order. There are, however, two terms that are growing

linearly with time. These can be found in Q1 and Q3 and their
sum is

f∞ =

(
idc −

m̂îa1

2
cos(φa1)

)
t. (70)

This gives a relation between the fundamental frequency com-
ponent and the direct current since f∞ must be zero for the
system to be stable, that is

idc =
m̂îa1

2
cos(φa1). (71)

Combining (20)–(23) and (71), shows that for the system to
be stable, ia1 must fully counteract the charging or discharging
process that originates from idc . This also implies that any circu-
lating current at the fundamental frequency in steady state must
be phase-shifted 90◦ relative to the reference in (3). If either one
of the two constraints is not satisfied the system will become
unstable. In one case the unbalance between the arm-voltages is
growing with time, in the other case the total phase-leg voltage
becomes unstable.

It is concluded that a fundamental frequency component in
the circulating current can transport energy between the upper
and lower arm. The circulating current changes the magnitude
of the ac components in the upper and lower arms whereas
the direct current remains unaffected. This means that the total
energy transfer rate to the converter will remain constant, but
the net-flow of energy in one arm will be positive whereas it
will be negative in the other. Whether the net-flow of energy
is positive or negative depends on the phase of the circulating
component, as described by (37) and (38).

The component at the fundamental frequency is found in Q2
for n = 1, Q6a for n = 3 and Q6b for n = 1. The sum of the
contributions is given by

f1 =
m̂2

8ω
î3 sin(ωt + φ3) +

8 + m̂2

8ω
î1 sin(ωt + φ1). (72)

The second-order harmonic has contributions from all in-
tegrals except Q1 . Since this results in a large expression it
is split up in the contributions from each different integral.
Accordingly

f2a =
î2
2ω

sin(2ωt + φ2) (73)

f2b = −m̂îa1

4ω
sin(2ωt + φa1) (74)

f2c = −m̂îa1

2ω
sin(2ωt + φa1) (75)

f2d =
m̂2 îdc

2ω
sin(2ωt) (76)

f2e1 =
m̂2 î2
4ω

sin(2ωt + φ2) (77)

f2e2 =
m̂2 î4
12ω

sin(2ωt + φ4) (78)

f2f =
m̂2 î2
12ω

sin(2ωt + φ2) (79)
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where f2a is the contribution from Q2 , f2b is the contribution
from Q3 and so on. To give a better overview of the equations
they can be sorted and gathered in three different parts

f2A =
3 + 2m̂2

6ω
î2 sin(2ωt + φ2) (80)

f2B = −3m̂

4ω
îa1 sin(2ωt + φa1) +

m̂2

2ω
idc sin(2ωt) (81)

f2C =
m̂2

12ω
î4 sin(2ωt + φ4). (82)

Finally, higher order harmonics (n > 2) are given by

fna =
2(n2 − 1) + n2m̂2

2nω(n2 − 1)
în sin(nωt + φn ) (83)

fnb =
m̂2

4

(
în+2

(n + 1)ω
sin(nωt + φn+2)

+
în−2

(n − 1)ω
sin(nωt + φn−2)

)
. (84)

Equations (72) and (80)–(84) now fully describe the harmonic
content of the phase-leg voltages as functions of the arm
currents.

B. Matrix Representation of the Harmonic Components

The infinite number of equations defined by (83)–(84) can
be sorted by their harmonic order. By doing this it is seen that
the odd and even harmonics are decoupled. According to (42)
the sum of (83) and (84) is equal to the voltage variation in the
phase-leg, scaled by 2C over N , that is

fna + fnb =
2C

N
un (85)

where un is the nth harmonic of the phase-leg voltage. The sys-
tem of equations can then be described by two matrix equations

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

b2 c2

a4 b4 c4

a6 b6 c6

a8 b8 c8

. . .
. . .

. . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

î2

î4

î6

î8
...

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

k + 2C
N u2

2C
N u4

2C
N u6

2C
N u8

...

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

(86)
⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

b1 c1

a3 b3 c3

a5 b5 c5

a7 b7 c7

. . .
. . .

. . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

î1

î3

î5

î7
...

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

2C
N u1

2C
N u3

2C
N u5
2C
N u7

...

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

(87)

where

an =
m̂2

4(n − 1)ω
sin(nωt + φn−2) (88)

bn =
2(n2 − 1) + n2m̂2

2nω(n2 − 1)
sin(nωt + φn ) (89)

cn =
m̂2

4(n + 1)ω
sin(nωt + φn+2) (90)

except for b1 which is given by

b1 =
(

8 + m̂2

8ω

)
î1 cos(ωt + φ1) (91)

and

k =
3m̂îa1

4ω
sin(2ωt + φa1) −

m̂2idc

2ω
sin(2ωt). (92)

To simplify the calculations, complex representation of the cur-
rents can be used. All currents and voltages are then defined by

in = Re{̂inejφn ejnωt} (93)

un = Re{ûn ejφv n ejnωt}. (94)

Matrices Ee , Eo , Xe , and Xo are defined as

Ee =

⎡

⎢⎢⎢⎢⎢⎣

ej2ωt

ej4ωt

ej6ωt

. . .

⎤

⎥⎥⎥⎥⎥⎦
(95)

Eo =

⎡

⎢⎢⎢⎢⎢⎣

ej1ωt

ej3ωt

ej5ωt

. . .

⎤

⎥⎥⎥⎥⎥⎦
(96)

Xe =

⎡

⎢⎢⎢⎢⎢⎣

y2 z2

x4 y4 z4

x6 y6 z6

. . .
. . .

. . .

⎤

⎥⎥⎥⎥⎥⎦
(97)

Xo =

⎡

⎢⎢⎢⎢⎣

y1 z1

x3 y3 z3

x5 y5 z5
. . .

. . .
. . .

⎤

⎥⎥⎥⎥⎦
(98)

where

xn = −j
m̂2

ω4(n − 1)
(99)

yn = −j
2(n2 − 1) + n2m̂2

2nω(n2 − 1)
(100)

zn = −j
m̂2

ω4(n + 1)
(101)
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except for y1 which is given by

y1 = −j
8 + m̂2

8ω
. (102)

Equations (86) and (87) can then be expressed as

EeXe

⎡

⎢⎢⎢⎢⎢⎣

î2e
jφ2

î4e
jφ4

î6e
jφ6

...

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

(r + q2)ej2ωt

q4e
j4ωt

q6e
j6ωt

...

⎤

⎥⎥⎥⎥⎥⎦
(103)

EoXo

⎡

⎢⎢⎢⎢⎢⎣

î1e
jφ1

î3e
jφ3

î5e
jφ5

...

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

q1e
j1ωt

q3e
j3ωt

q5e
j5ωt

...

⎤

⎥⎥⎥⎥⎥⎦
(104)

where

qn =
2C

N
ûnejφv n (105)

r = −j

(
îa1

3m̂

4ω
ejφa 1 − m̂2idc

2ω

)
. (106)

Equations in (103) and (104) are time-variant. This can be solved
by multiplying both sides of the equations with the inverse of
Ee and Eo . The equations relating the currents in to the voltages
un can then be expressed as

⎡

⎢⎢⎢⎢⎢⎣

y2 z2

x4 y4 z4

x6 y6 z6

. . .
. . .

. . .

⎤

⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎣

î2e
jφ2

î4e
jφ4

î6e
jφ6

...

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

r + q2

q4

q6

...

⎤

⎥⎥⎥⎥⎥⎦

(107)
⎡

⎢⎢⎢⎢⎢⎣

y1 z1

x3 y3 z3

x5 y5 z5

. . .
. . .

. . .

⎤

⎥⎥⎥⎥⎥⎦
.

⎡

⎢⎢⎢⎢⎢⎣

î1e
jφ1

î3e
jφ3

î5e
jφ5

...

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

q1

q3

q5

...

⎤

⎥⎥⎥⎥⎥⎦
. (108)

IV. SOLVING THE EQUATIONS

The solution to (107) and (108) depends on circuit specific
quantities such as dc-link filter parameters, harmonics in the dc-
line current, and number of phases. For simplicity it is assumed
that the dc-line current is a pure direct current, implying that all
current harmonics are absorbed by the dc-link filter. The filter
is modeled as an impedance Zf connected in parallel with the
phase-legs (including the arm impedances).

A. Three-Phase System

The arm impedances in the three-phase converter can be re-
garded as a Y-connected load with a neutral connection through
the impedance Zf . This is illustrated in Fig. 3 where the cas-
caded submodules are put in boxes labeled “phase-leg.” These

Fig. 3. For the ac components in the dc-link current, the dc-link is modeled
as an open circuit with a filter impedance.

phase-legs are regarded as ideal, that is, there are no resistive or
inductive elements inside the phase-leg boxes. The arm resis-
tances and inductances are connected in series with the phase-
legs. The sum of the upper and lower arm impedance is given
by

Za = R + jnωL (109)

where R is the effective resistance in the whole phase leg and
L is the sum of the upper and lower arm inductances. The
resistance R and inductance L are evenly distributed between
the upper and lower arms as shown in Fig. 1.

Positive and negative sequence voltages do not result in any
currents through the filter impedance Zf . The zero sequence
components, however, do. Both Zf and Za can be described
as arbitrary impedances. For simplicity, Zf is considered to be
purely capacitive and Za is assumed to be resistive– inductive.
The positive and negative sequence components are then given
by

un = −(jnωL + R)
(
în ej (nωt+φn )

)
(110)

whereas negative sequence components are given by

un(z ) = −
(

jnωL + R +
3

jnωCf

)(
în ej (nωt+φn )

)
. (111)

The elements qn in (105) can then be expressed as

qn = −2C

N
(jnωL + R)̂inejφn (112)

when n is not a multiple of three, in which case the equation for
the zero sequence components must be used

qn(z ) = −2C

N

(
jnωL − j

3
nωCf

+ R

)
în ejφn . (113)

Equations (107) and (108) can then be written as
⎡

⎢⎢⎢⎢⎢⎣

v2 z2

x4 v4 z4

x6 v6 z6

. . .
. . .

. . .

⎤

⎥⎥⎥⎥⎥⎦
.

⎡

⎢⎢⎢⎢⎢⎣

î2e
jφ2

î4e
jφ4

î6e
jφ6

...

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

r

0

0
...

⎤

⎥⎥⎥⎥⎥⎦
(114)

⎡

⎢⎢⎢⎢⎢⎣

v1 z1

x3 v3 z3

x5 v5 z5

. . .
. . .

. . .

⎤

⎥⎥⎥⎥⎥⎦
.

⎡

⎢⎢⎢⎢⎢⎣

î1e
jφ1

î3e
jφ3

î5e
jφ5

...

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

0

0

0
...

⎤

⎥⎥⎥⎥⎥⎦
(115)
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where

vn = yn +
2C

N
(jnωL + R) (116)

for nontripplen values of n and

vn(z ) = yn +
2C

N

(
jnωL − j

3
nωCf

+ R

)
(117)

when n is a multiple of 3. As yn is purely imaginary for all n,
the real part of vn is always 2RC over N . It can therefore be
concluded that none of the diagonal elements in (115) is 0. As
a consequence it is concluded that there are no odd harmonics
in the arm currents as the solution to (115) is the zero-vector.

B. General Solution

1) Resonant Frequencies: The imaginary part of vn may be-
come zero for certain values of ω, indicating resonant behaviour
of the converter. The resonance affects the circulating current as
in is determined by the weighted sum of in−2 and in+2 divided
by vn , that is

in = −xnin−2 + zn in+2

vn
. (118)

The real part of vn consists of only the resistance R. Ideally,
the resistance is very small in order to achieve a high efficiency
of the converter. The amplitude of the circulating current in in
(118) may therefore become very high for the angular frequency
ω = ωrn

wrn =

√
N

LC

√
2(n2 − 1) + m̂2n2

4n2(n2 − 1)
n = 3k ± 1. (119)

The resonant frequencies that are associated with the zero se-
quence components in (117) are not considered as they are in
the kilohertz range for reasonable values of L, C, and Cf .

The resonant frequency ωrn is the fundamental frequency
for which the amplitude of the nth harmonic is only limited by
the resistance R. This means that every harmonic is associated
with its own resonant frequency. Equation (119) also indicates
that this frequency is decreasing, approximately as 1 over n,
for higher order harmonics. The damping effect of R is, how-
ever, increasing with higher order harmonics as xn and zn are
decreasing in magnitude while R remains constant.

In order not to rely on the resistance R, which should be
kept as low as possible from an efficiency point of view, it is
therefore favourable to operate the converter above the highest
resonant frequency given by (119). The highest resonant fre-
quency in (119) is obtained with n = 2 and m = 1. This gives
the following constraints on the capacitors and arm inductors

LC >
5N

24ω2 (120)

where ω is the fundamental frequency in radians per second.
2) Circulating Current: The second-order harmonic can be

solved from (114) as

î2e
jφ2 =

r

g2
(121)

where g2 is given by the recursive expression

gn−2 = vn−2 − zn−2
xn

gn
(122)

where gn → vn as n → ∞. Inserting (106) in (121) gives

î2e
jφ2 = − j

g2

(
îa1

3m̂

4ω
ejφa 1 − m̂2idc

2ω

)
. (123)

By substituting idc into (71), (123) can be expressed as

î2e
jφ2 = − j

g2

(
3ejφa 1 − m̂2 cos(φa1)

4ω

)
îa1 . (124)

The value of g2 is a function of the circuit parameters, modu-
lation index, and fundamental frequency, but does not depend
on the current ia1 . This means that the relation between the ac-
side current and the second-order harmonic in the circulating
current, given by (124), is valid for all systems. It is concluded
that the second-order harmonic is directly proportional to the
amplitude of the ac-side current. The proportionality constant
depends on the load angle φa1 and reaches its minimum value at
purely active power transfer. Similarly, higher order harmonics
can be calculated as

în ejφn =
−xn în−2e

jφn−2

gn
. (125)

C. Approximative Solutions when Cf → ∞
When the dc-link is modeled as a constant voltage source, an

approximate solution can be found by using gn ≈ vn for any
n ≥ 2 in (122). Equation (118) gives

în ≤
∣∣∣∣
xn

vn

∣∣∣∣ în−2 +
∣∣∣∣
zn

vn

∣∣∣∣ în+2 (126)

which can be expressed as

în ≤
(∣∣∣∣

xn

vn

∣∣∣∣ +
∣∣∣∣
zn

vn

∣∣∣∣

)
în−2 +

∣∣∣∣
zn

vn

∣∣∣∣
(
în+2 − în−2

)
. (127)

From (99) and (101) it is obvious that xn and zn are decreasing
with higher values of n. Conversely, the magnitude of vn is
increasing, assuming that (120) is satisfied. As a consequence,
if (120) is satisfied, and the constraint

∣∣∣∣
xn

vn

∣∣∣∣ +
∣∣∣∣
zn

vn

∣∣∣∣ < 1 (128)

is satisfied for n = 4, it is also satisfied for all even values of
n ≥ 4. Assuming that the constraint in (128) is satisfied, (127)
indicates that the magnitude of the harmonics are either strictly
increasing or strictly decreasing. This can be shown by first
expressing (127) as

în −
(∣∣∣∣

xn

vn

∣∣∣∣ +
∣∣∣∣
zn

vn

∣∣∣∣

)
în−2 ≤

∣∣∣∣
zn

vn

∣∣∣∣
(
în+2 − în−2

)
. (129)

Applying (128) on (129) gives

în − în−2 <

∣∣∣∣
zn

vn

∣∣∣∣
(
în+2 − în−2

)
. (130)
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This means that if în > în−2 , then în+2 > în since
∣∣∣∣
zn

vn

∣∣∣∣ < 1 (131)

according to (128). It can be concluded that the amplitude of
the harmonics are strictly decreasing, as the opposite would
cause the harmonics to approach infinity with higher values of
n. As a consequence, the maximum possible amplitude of the
harmonics can be expressed as

în <

(∣∣∣∣
xn

vn

∣∣∣∣ +
∣∣∣∣
zn

vn

∣∣∣∣

)
în−2 (132)

assuming that (120) and (128) are satisfied.
1) Including Only the Second-Order Harmonic: According

to (114), the second-order harmonic can be expressed as

v2 î2e
jφ2 + z2 î4e

jφ4 = r. (133)

In some cases an approximative solution can be obtained directly
from (133). That is, if

∣∣∣v2 î2e
jφ2

∣∣∣
∣∣∣z2 î4ejφ4

∣∣∣
	 1 (134)

the second-order harmonic can be approximated as

î2e
jφ2 ≈ r

v2
. (135)

If (120) and (128) are satisfied, (132) can be applied on (134).
The constraint in (134) can then be expressed as

|v2 |
|z2 |

(∣∣∣ x4
v4

∣∣∣ +
∣∣∣ z4
v4

∣∣∣
) 	 1. (136)

This is used in the experimental results in order to determine if
(135) can be used to describe the second-order harmonic in the
circulating current.

2) Including an Arbitrary Number of Harmonics: By com-
bining (118) and (125) it is found that

gn =
xnvn in−2

xnin−2 + zn in+2
. (137)

It is concluded that the approximation gn ≈ vn can be used for
any n that satisfies

|xnin−2 |
|zn in+2 |

	 1. (138)

Assuming that (120) and (128) are satisfied, it is possible to
apply (132) on (138) and the constraint can then be expressed
as

|xn |
|zn |

(
|xn + 2 |
|vn + 2 | + |zn + 2 |

|vn + 2 |

) (
|xn |
|vn | + |zn |

|vn |

) 	 1. (139)

The harmonics in the circulating current can then be obtained
from (122) and (125) by using gn ≈ vn for the first n that
satisfies (139).

D. Boundary Value as Cf → 0

If the capacitance Cf approaches zero, the zero sequence har-
monics izs approaches zero, assuming that the system remains
stable as Cf approaches 0. The second and fourth harmonics
can then be solved from (114) since î6 = 0

[
v2 z2
x4 v4

] [
î2e

jφ2

î4e
jφ4

]
=

[
r
0

]
(140)

that is

î2e
jφ2 =

v4r

v2v4 − z2x4
(141)

î4e
jφ4 = − x4r

v2v4 − z2x4
. (142)

Higher order harmonics can be calculated directly from (114) as
every tripplen harmonic is 0. Consequently, i8 can be calculated
from i6 , i10 can be calculated from i8 and so on.

V. EXPERIMENTAL RESULTS

The experiments are carried out on a 10 kVA three-phase
prototype with five submodules per arm. The converter is op-
erated in inverter mode with a passive load, and is connected
to a 500 V dc supply. The optimal choice of arm inductors and
submodule capacitors depends on the intended application and
current ratings. The prototype was designed with 3.3 mF sub-
module capacitors and 4.7 mH arm inductors. These values are
not optimized for this specific experiment, but the validity of
the theoretical findings does not depend on optimized circuit
parameters. The effective arm resistance is unknown and the
given capacitance is not very accurate. These two parameters
can, however, be measured by applying the analytical results on
the measured data. This is done in the first experiment in order
to obtain more accurate values of R and C.

Direct modulation is used to control the converter. That is, ref-
erence values are generated for the number of inserted modules
in the upper and lower arms. The fractional parts of the refer-
ence values are compared with a 5 kHz triangular carrier. This
way the actual number of submodules that are connected can be
varied between the two nearest integer values in a pulse width
modulation like manner. To balance the capacitor voltages, the
insertion and bypassing of submodules is done according to the
sorting algorithm that was presented in [1].

A. Resonant Frequency and Parameter Measurements

The analytical results suggest that there is a resonant fre-
quency, for which the second order harmonic in the circulating
current peaks. The fundamental frequency at which resonance
occurs for the second order harmonic can be estimated by in-
serting the approximate values of L and C in (119). With the
modulation index m̂ = 0.9, the fundamental frequency where
this occurs is expected to be approximately 28 Hz. This was in-
vestigated by varying the fundamental frequency from 15 to 50
Hz in steps of 1 Hz while keeping the modulation index constant
at 0.9. A purely resistive load was used in order to maintain a
constant load during the experiment.
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Fig. 4. Parameter values were extracted by least square fitting to the measured
curve.

The measured amplitudes of the second-order harmonic in
the circulating current are shown in Fig. 4. The amplitudes
have been normalized such that the value is 1 at 50 Hz. The
expected peak is easily identified at 25 Hz, this is lower than
the expected value which indicates that the actual capacitance
of the capacitors is slightly higher than the given approximate
value.

The values of the resistance R and capacitance C can be
extracted from the measured data by least square fitting of the
analytical expression to the measured curve. It is then found
that the effective resistance R in the phase leg is 1.8 Ω, and
the capacitance of the capacitors is 3.64 mF. The fitted curve is
shown in Fig. 4 together with the measured values.

B. Estimating the Arm Currents

By using the extracted values of R and C, x, z, and v in
(132) can be calculated. It is then found that the harmonic con-
tent in the circulating current is dominated by the second-order
harmonic as the amplitude of i4 is at least 47 times smaller
than the amplitude of i2 . Furthermore, it can be concluded that
the second-order harmonic can be calculated with (135) as the
left-hand side of (136) is in the order of 103 .

Inserting (106) and (100) in (135) gives

i2 = Re

⎧
⎨

⎩
−j

(
îa1

3m̂
4ω ejφa 1 − m̂ 2 id c

2ω

)

2C
N (j2ωL + R) − j 6+4m̂ 2

12ω

ej2ωt

⎫
⎬

⎭ . (143)

The upper and lower arm currents can then be calculated as

iu = idc +
1
2
io + i2 (144)

il = idc −
1
2
io + i2 (145)

where the direct current idc and output current io are obtained
from the measurements.

The converter was set to supply a passive resistive–inductive
load. With the modulation index 0.9 the measured ac-side cur-

Fig. 5. Measured and calculated upper and lower arm currents.

rent was 12.4 A rms, 13◦ inductive. The analytical waveforms
are compared with the actual currents in Fig. 5. The analytical
and experimental results agree well and the estimated currents
are almost identical to the measured arm currents. It is con-
cluded that (143) predicts the correct phase and amplitude of
the second-order harmonic in the circulating current. The pre-
diction that the harmonic contents are dominated by the second-
order harmonic is also in good agreement with the experimental
results.

VI. CONCLUSION

The analytical results describe the harmonic contents in the
arm currents resulting from the fundamental frequency compo-
nent in the pulse patterns to the submodules. The validity of
the analytical equations was confirmed by experiments on a 10
kVA prototype with 30 submodules. An interesting outcome of
the analysis was that there are resonant frequencies for which
a given harmonic is only limited by the losses in the system,
which was also verified experimentally. If this is not taken in to
consideration it could cause problems in systems with high ef-
ficiencies. The derived equations for the harmonic components
can be very useful in the design of a modular multilevel con-
verter. The results not only point out which values of the arm
inductances and submodule capacitances must be avoided, but
also the benefit to increasing either the inductance or capacitance
in terms of harmonics in the arm currents.

The arm inductances and submodule capacitances can be
chosen such that the nominal frequency is above the relevant
resonant frequencies. This way operating the converter close to
any resonant frequency at nominal operation can be avoided.
In some applications such as motor drives it may, however, be
desirable to operate the converter at very low frequencies. As
a consequence, operating the converter at any of the resonant
frequencies cannot be fully avoided. This must be considered in
the system design and development of a suitable controller for
high-performance motor drives.
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